
ON THE SUMMABILITY OF FOURIER SERIESf
BY

W. C. RANDELS

1. Notation. We shall use the following notation which is similar to that

of Hille and TamarkinJ [2 ]. We shall use /(x) to denote a function periodic

of period 27r and integrable over (—ir, t). The Fourier series oif(x) is

n=—oo

where

/n = — f    fix)e-inxdx.
2w J —r

The class of such functions and their related Fourier series is denoted by L.

We define

(1.1) fix) = lim[- — f   {fix + t) - fix - t)} cot *- dt\
e-»0 L       27T J, 2       J

and associate with it the series

00

— i X) sgn nf„einx.
71=—oo

We call the class of such series and their related functions L. If f(x) cB.V.

on (—ir, w), we denote by V the class of functions/'(x) and their related

series, §

27T«7_T

and by L' the class of functions

I /.   X OO

dtfix+ t) +¿1 »/„eini
'.IT J -r r,=_

(1.2)      /'(x) = lim[- - f'dt{f(x + t)+f(x-t)-2f(x)} cot^-1

and their related series

f Presented to the Society, January 2, 1936; received by the editors March 7, 1936.

J The numbers in brackets refer to the references at the end of the paper.

§ The Stieltjes integral used in this paper is the Young-Stieltjes integral over the open interval

so that/^Tiii/(a;-|-/) need not be zero. This usage differs from that of Hille and Tamarkin [2 ].
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00

n=—oo

We shall use the symbol % for any one of these four classes. A function

of class X will be denoted by F(x) and the general term of the associated

series by ^4„(x).

We define

(1 • 3) P(L, t) = f(x + t)+ fix - t) - 2/(x),

(1.4) p(L,t) = f(x + t)-f(x-t),

(1.5) Po(L, t) =  j   p(L,r)dr,
J o

(1.6) Po(L,t) =   f P(L,r)dr,
J a

(1 ■ 7) Po(L', t) = f(x + t)- f(x -t)- 2tf'ix),

(1.8) PoiL',t) = 0(7., 0..

We let 72(7?,/) (E(F,f)) be the set of points x where/(x) (f(x)) has a definite

value andp(L, t)->0 as t-^0 (p(L, ¿)->0 as t^>0)\ If <p0(Z, t) cB.V. on (-it,t),

we define E(X,f) as the set of points where F(x) has a definite value andf

/.

t
| dp0(Z, t) I = o(t) as t-+0.

o

We now consider the transformation of a series defined by means of a

matrix amn (m, ra = 0, 1, • • • ) in the following manner

00

Tm(Z, x) ~ X am\n\An(x).
n=—oo

We make the restriction on amn that it define a regular method of summabil-

ity, that is:

00

(1.9) Z | amn — am,n+x | < A,    A not depending on m,

(1.10) amn —* 1 as m —> °o ,  for every ra;

and that the series
00

(1.11) X) am\n\An(x)

t By/!! d<t>(t) I we mean the total variation of <j>(t) on the interval (a, b).
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be a Fourier series (cf. Hille and Tamarkin [3]). Then Fm(2;, x) is considered

as a function of class L associated with (1.11). Thus Tm(í, x) may be defined

even though (1.11) does not converge. We denote the method of summability

determined by the matrix amn by SI.

If EF stands for a set of points at which F(x) has a definite value, we can

make the following definitions :

Definition 1. A method of summation 21 is said to be (£, EF)-ejfective if,

whenever Fix) c X and x c Ef,

(1.12) Tm(Z, x) - Fix) -*Omm-»oo

Definition 2. A method 2Í which is (Ï, EP)-effective is said to be:

(i) F-efiective, ifX=L,EF = E(F, /),

(ii) F-efiective, ifZ=L,EF = e[f, f),

(iii) L-ejfective, ifX=L,EP =E(L,f),
(iv) L-efiective, if %=L, EP =E(L, f),

(v) L'-effective, ifZ=L', EF = EiL',f),

(vi) L'-effective, ifX=L', EF = EiL',f).

2. X=L. By a theorem of Fekete [l] the most general factor sequence

{an} carrying a Fourier series into a Fourier series occurs when

sin nx c B. V. on ( — w, t) ,

and

T, an{fneinx + f-n e~inx) ~— í    fix + t)d\ ¿ — sin nt\

n-l 7T   J _T \ n=l    n I

Then, if we let lim „ ,xam„ = am,

1    C' * (   °°   a "a     —
Tm(L, x) = am0fo H-I    fix + t)d< ~^2 — sin nt + ^ ——

7T J -t \ n-i   n n_i n

sin nt
}■

But

7T  —   X

—   X   —   IT

2

0

0  <  X  < rr,

— x < x < 0,

x = 0,

so that
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— I    f(x + l)d\ 23 —sin nt\ = amf(x) — amfa-
* J-T \ »_i   ra )

Therefore for our problem we need only consider

1      f T    , s      Í   A   «m»  -  dm )
(am0 — am)fo H-|    f(x + t)d< ¿, -sin ra/> .

x J -T \n=X « j

Hence it involves no loss of generality to suppose that amn—>0 as ra—>co, and

we shall do so from now on.

Using Abel's method of partial summation we get

00 00

Z Ctmn COS «X  =   X ömn{5„(x)   — Sn-x(x) }
n=l n=l

00

= — amlS0(x) + ¿2 [amn — am¡n+x}S„(x),

n=l

where

" sin (ra + |)x
Sn(x)  =  J +  2^ COS VX = -;-;-

„_i 2 sin \x

Hence, by (1.9),

Zu-mn
-sin rax

n-l     ra

is absolutely continuous on every interval not containing the origin. More-

over, again by Abel's transformation,

00   am x /   "     1 \

23 —— sin nx = 53 (a»>» ~ ara,„+i)(  2 — sin vx)
n=i    ra „=i \ ,_!    i< /

and, since the partial sums

v 1   •/„ — sin vx
y=X      V

are bounded, the function

Ojnn
y, -sin rax
n-l     ra

is continuous at the origin and so, since it is of bounded variation by hy-

pothesis, it must be absolutely continuous on the interval (—ir, ir). Hence

we can write
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■dt
1   f (    aml     A sin (ra + §)l\

Tm(L, x) = am0/o H-I    /(x + t)<-h ¿^ k» — öm,n+i)--— > i
ir J -r (.      2       „_i 2 sin §/    J

1   f  / , i<*m0      ö„i " sin(ra + §)n
-—   I       /(X + OS—-—   +   2, («-n -  gm.n+l) .       -> <»

7T J_T l 2 2 n=i 2 sin f¿    J

If (A sin (ra + §)/)
= — I    /(* + O S 2- («»» - «"..«+0    „   .   .— 7 <#,

w v_, t. „=o 2 sin §i   )

and

If (A sin (ra + \)t\
Tm(L, x) — amof(x) = — I     P(L, <)< L (a™ — ctm,n+i)-;—:->

ir J o 1 n-o 2 sin it   )
dt.

By the Riemann-Lebesgue theorem

fsin (ra + §)/      sin raí)

I    2 sin §/

so that, by the regularity of 2Í,

/■ *             (sin (ra + \)t      sin raí)
</>(£, <K->dt = o(l) as ra-» oo

o               I    2 sin §i             t    S

If (A sin »A
7m(7, x) — f(x) = — I     0(7, t)\y_, amn — am.n+x-> dt + o(l) as m —>°o ,

W   J 0 V  n=0 í        /

For convenience we define

If 1  A
Tm = — I    p(L, t)— }_ (am„ — am,n+i) sin nt dt.

T  J o Í    n-0

We also define

qm(u) =   23   ("-my — am,y+i).

Then (1.9) can be written

/► oo

| dqm(u) \<A.
o

Then

where

1   f 1
= —       p(L,t) — Hm(mt)dt,

■K   J o t

/► oo
sin utdqm(u).

n
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In this notation the familiar necessary and sufficient condition for F-effec-

tiveness is that there exist an M such that

/.

I 1
\-HJmt) dt < M.

We wish to find a condition which will play a similar role for ¿-effectiveness.

We introduce
[log2»n]

Hm =   ^      max    | Hmit) |.
n-0     2"S¿S2"+1

We shall consider only methods of summation for which there exists a con-

stant B such that

(2.2) \Hmit)\<Bt.

This condition is always satisfied for methods defined by trapezoidal matrices

since for such methods there is an N such that qmiu) = am0 for u>N, and hence

I/» 00 | /» oo
sin utdqm(u)   = \t I    [— am0 + q(u)] cos ut du

•'o I   " o
<ANt.

We now propose to show that if (2.2) is satisfied

(2.3) Tm = o(Hm) + oil)

and furthermore that this result is the best possible in the sense that, if

Hm = maxMgmi7M—>oo as m—>°o, then for every sequence \dm) such that ¿ra|0

as m—Kx> it is possible to find a function/(x) and a point x c £(L,/) such that

(2.4) Tm^0idmHm).

This implies that a necessary and sufficient condition for L-effectiveness of

methods of summability satisfying (2.2) is the existence of an M such that

(2.5) Hm < M.

In order to prove (2.3) we notice that by the Riemann-Lebesgue theorem

for every a

/;

sin nt
<p(L, t)-dt = oil) as n —> oo ,

I

so that by the regularity of SI

(2.6) I    0(i, /) — Hmimt)dt = oil) as m -> oo .
J a t

Moreover, if x c£(Z, /),
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(2.7)

/»a J4>(L, t) — Hm(mt)dt
o t

i r "m i \ c i
^     I       d>iL, f) — Hm(mt)dt   +    I      0(2., /) — Hm(mt)dt

I «7 o í I        I «7 l/m '

/»l/m I    /* ma

| 0(¿, í) I á/ +     I     d>(L, t/m) — Hm(t)dt
o I " i t

/  [log¡ma] /» 2"-1-1 \

= "(I) + Oí     £      max . | Hm(t) \ 2—1        | 0(L, í/«) ¡ A)
\       n=0    2»á/S2»+1 ^i /

= o(í) + o(Hm) uniformly in m as a —> 0.

Then (2.3) follows from (2.6) and (2.7) by a familiar technique.

In order to show that this result is the best possible it is sufficient to prove

that for every fixed a it is possible to find a function f(x) and an integer m

such that

(2.8) — f    fit) — Hm(mt)dt > E,,
IT    J lim tIf   u l/m t

and there is a constant K independent of a such that

(2.9) fl/(0,
" l/m

dt < Kt,    t g a.

For, if dmlO is given, then making use of the Riemann-Lebesgue theorem

and the regularity of 31 we construct by induction a sequence of integers

[mi] and functions/¿(x) such that mQ=l, and

(2.10)

(2.11)

(2.12)

and

(2.13)

We define

T, (dmiy » < co,

<1,        j<i,
/> l/m,—i J

fi(t) — Hmi(mit)dt
Um, t

/> 1/mt-l J
fi(t) —Hmi(mit)dt> Hmi,

l/mv t

1     /"     .
- I fi(0
If   J l/m,-

dt   <   Kt, t
»i-1
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„s    \(dmiy,2fi(\x\),    — ¿|*| <—.
f(x) = j »¡ W.-1

1    0, x = 0, 1 á | *| á ».

Then at x = 0, <p(L, t) = 2f(t) and, by (2.13), if l/*»4g<;El/í»í-i,

/»  t 00 /•  l/jriy-j /»   t

| 0(Z, o | A = 2 23 (¿-y)1'1 I //CO I * + 2(¿OTi)"2 I /,« I Ä
•^ 0 j=i-t-l J l/mj J l/mt

00

< 2a:/23 idmiy2 = o(t) as /-» o,

so that the point x=0 is in E(L,f). Moreover

1   CT 1
r»« = —I    HL, 0 — Hmi(mit)dt

it J o ¿

= — I        0(7,, t) — Hmi(mit)dt + — I p(L, f) — Hmi(mit)dt
T  J o t W J x/mi t

1   cT 1
H-I p(L, t) — Hmi(md)dt.

1C  J X/mi-, t

By (2.2)

i i  rllmi i Bmi r1,mi, .

— I        p(L, t) — Hmi(mit)dt   <- |        | p(L, t)\dt = o(l)

and by (2.11)

If                    1                           £i 2(ám,.)1'2  f/»f-i 1
— p(L, t)—Hmiimit)dt = £ -<— fiit)—nmiimd)dt
1T   J l/m,-! ¿ ,= 1 X J X/ntj t

= o(¿(¿»,)I/2) 0(1).

Finally by (2.12)

I      nXlmi-x J

— I piL,t) — Hmiimit)dt
TT  J X/mi t

2id    )112   pU™i-i 1
fit) — Hm,imit)dt > 2idmx)1i2 Hmi,

V J l/mi I

so that

Tm{ > 2idmi)ll2Hmi - oil) - 0(1) * 0(dmiHm,).
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It only remains now to prove the existence of an f(x) and an m with the

properties (2.8), (2.9). We notice that

I/» oo /• oo
sin ut dqm(u)   < | dqm(u) \ < A,

•7 o I       " o

so that for a fixed a < 1

[log,maJ—1 [Iog2m]

£        max    | Hm(t) | >   E      max    | Hm(t) \ - A( | log a | + 1).
n-0        2nS<S2"+1 „=0   2"á/á2"+l

Then since Hm Î oo as m—> oo, we can find an m so that 77m = H m and m also

may be chosen so that
[ log2ma ] — 1

^        max      \Hm(t)\> \Hm.
n_0       2"á(á2"+1

We call the point on (2n, 2n+1) where Hm(t) has maximum absolute value xmn.

The function 2?m(i) is continuous and hence there will be an interval Jmn

containing xmn and contained in (2n, 2n+1) such that for x c Jmn

(2.14) |27m(xmn)— Hm(x) | < i | Hm(xmn) I •

Then Jmn is defined as the interval into which 7mn is carried by the trans-

formation x' = x/m. It is clear that Jmn is contained in (2n/m, 2n+x/m). We

denote the length of Jmn by emn. We define

«*) =

4xx sgn Hm(xmn) *
-,     xrzjmn,    0 ^ w ^ log2 «a — 1,

0,    elsewhere on    (—, a).

The function/(x) satisfies (2.9), for, if 2"/m^t<2n+x/m (0^n^log2ma-l),

/> t                                        /»2n+1/m                                           n+l    2"           4x(2™+1   —   1)

| f(x) | dx ^   I | f(x) I dx ^ 4x2 — < —- < 8x/.
l/m »2 l/m >■=1    W Í»

By (2.14)

1      C a \ 1     [log»mo]-l     /» -I

— I      /(x) —■ Hm(mx)dx = —      2 f(x) — Hm(mx)dx
IT  J l/m X IT ,_0 J J'mn X

1   Uoa^l-i 4x sgn 2/"(xmn)!   iioft-.j-i 4, sgn #(Xmn)   p

= —      2^       - I      Hm(mx)d
* —* «"•» ^mn

Ilog2ma] —1       4

-^ .,   . Gmn

n-0 €mn 2

so that (2.8) is satisfied and our proof is completed

HmiXmn)   I [log2ma]-l _

> 2     ¿_i       I Hmixmn) | > 77m,
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3. X = L. Fekete [l] has shown that a necessary and sufficient condition

that a factor sequence o„ carry a series of L into a Fourier series is that

00    a

23 — cos raie 73.V. on (— t, t);
n-i   ra

and

°° I   rT (  °°   an )
- ¿23 ««{/ne'"1 - f-ne~inx] ~— I    /(x + /)¿< 23 — cos ra/f .

n-X IT  J -«■ U-l    » /

Therefore

1   C * I   °°   a )
Tm(L,x)=—\    f(x + t)d\ 23 — cosra/V.

IT   J -r, \n-X       » J

We make the hypothesis that am„—>0 as n—><x>. This condition is essential here

because

=0       I

23 — cos ra/ $ 7J. F.   on ( — :r, 7r)
n-i   ra

and therefore the argument of §2 does not apply. Then

oo oo oo

23 O-mn Sin ra/  =   23 amn\Sn(t)   — Sn-x(Í)\   =   23  (a™n  ~   am,n+x)Sn(t) ,

n=X n—1 n—1

where

S ,,      A   . 1 /       cos (ra + i)/
¿«CO = Lj sm ^ =-cot-;—-

„tí 2 2 2 sin \t

Hence, bv (1.9),

g(0 ■ 2^ -cos ra/
n=i    ra

is absolutely continuous on every interval not containing the origin and,

since g(—0) = g(+0), g(t) can be considered as continuous at the origin so

that, since by hypothesis g(t) is of bounded variation, it must be absolutely

continuous on (—ir, tv). Then

1   /*' °°
Tm(L, x) = — I    f(x + /)23 («.» — «»,«+])

f   •» -i n=l

1      /* T       ~ °°

=  -   |       p(L, /)23 (a»"n  ~~  «m.n+l
X   •/ 0 n=l

— cos J/ + cos (ra + |)/
-dt

2 sin J/

— cos \t + cos (ra + J)/
)-dt.

2 sin i/
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By the Riemann-Lebesgue theorem

(cos (« + %)t      cos nt)

{     2 sin \t

so that by the regularity of 21

i"    -      (cos (n + \)t      cos nt)
<t>(L, t)\ -\dt = o(l) as «-+O0,

J 0 1     2 sin ei t    1

1   rr    ~      ( - ami t        1- 1
Tm(L, x) = — I    d>(L, t)<-cot-1-Hm(mt)} dt + o(l) as»»-*»

7T«7o 12 2 t )

where

/» 00

cos utdqm(u).
0

By the definition of f(x) and the regularity of 21

ami f    - t
— •— I    d)(L, t) cot — dt-* f(x) as m —» 00 ,

2x J i/m 2

if xcE(L,f), and also,

/'x'm   _     (1         <        1)
4>(L, t)< — cot-> dt = o(l) as m —» 00 ,

0                  v. 2          2        i" /

so that

1   rllm 1

Tm(L, x) - amif(x) = — <t>(L, t) — { - aml + Hm(mt)\dt
X  J 0 t

1   c     _       1 _
H-I      </>(£, 0 — Hm(mt)dt + oil) asm-»».

x «7 i/m /l/m

We make a hypothesis analogous to (2.2), namely,

(3.1) I ami - Hmit)\ < Bt.

Then, if x c£(Z,/),

\dt\

Bm  rxlm,

I    1     /•!/*     „ J
—    I <i>(2:, ¡) -   ! -  «ml  +  2?m(wi) }

I   x «7 0 <

2&W    /•!/•»
<- I 4>iL, t)\dt = oil)

X    J 0

We shall prove that, if x c 2S(Z,/),

1   f *     „      1   _
(3.2) Tm = — <K¿, 0 — TímM^ = oiHm) + o(l),

T  J l/m t

as m—* ce
ir Jo
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where

[log2m]

Hm =   23     max    I 77m(/) |.

If a is fixed, by the Riemann-Lebesgue theorem and the regularity of 21,

If-      1   ~
— I    p(L, t) — Hm(mt)dt = o(l) as m -> w ,
t J a t

and

1   C     „       1_ 1   rma    I~    t\ 1   _
— I     p(L,t) — Hm(mt)dt = — I        p[L, —)—Hm(t)dt
IT  J x/m t TT  J x \ mf    t

/[l0&>m] , /*2"+1    I      / /\  I       \

= 0(    23      max    |77m(/)|2-» \p[L, — )\dt)
\    n=0     2"á<á2»+l J0 \      \ mf I       /

= oiHm) uniformly in m as a —* 0,

so that (3.2) must be satisfied.

We would like to prove that this result is the best possible. The method

of §2 however does not seem to be capable of doing this without some addi-

tional assumption. We choose to assume that

J,T   1— \Hm(mt)\dt < K.
X/m    t

This condition is not completely arbitrary for it is analogous to the neces-

sary and sufficient condition for F-effectiveness mentioned in §2. It is known

to be sufficient for /^-effectiveness but has not been proved to be necessary.

It will be seen from the proof that some slightly less restrictive condition

such as

[log,m]

23      min     | Hm(t)\ < kHm, k < 1,
n-0     2"g<g2"+1

could be used.

We define 2?m=max„gm77„ and we wish to show that, if "Sm Î co as m—>oo,

and {dm} is any sequence such that ¿mJ,0 as w^<», we can find a function

f(x) and a point x c E(L, f) for which

fm * 0(dm #m).

As in §2 it is sufficient to show that for a fixed it is possible to find a func-

tion f(x) and an integer m for which
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1    f ° 1   - ,s
(3.4) — I      fix) — Hmimx)dx > Hm,

X  J l/m X

(3.5) | fix) | dx < Ct,        C not depending on a or w,
«7 i/~

[January

and

(3.6) I/.fix)
dx < D,        D not depending on a or «.

For, following the procedure of §2, we construct a sequence of functions/<(x)

and integers w¿ such that m0= 1 and

(3.7)

(3.8)

(3.9)

(3.10)

and

(3.11)

Z(dm,.)I/2<°°,

I      /»l/my-i I

— I fi(x) — Hmi(mix)d
x «7 i/mj. x

I      p l/mi-i J    _

/,(x) —Hmi(mix)dx >Hm¡,
X  «7 i/mi X

f       |/«M
J  1/m.-

<1,        j<*,

dx < Ct,
1                 1

— ^ t g-
>»j )»¡_ i

/.

l/m,--i
/<(*)

¿X

1 1
<D, — ^ e ^ -»

1 111
- <X^-I    — ^x<-
Wi_i W,        W¿ »i-i

Then/(x) is defined by

(¿m^sgnx/.-dxl),

M" Ci-1,2,...)

0,        -rlïi-1,        x = 0,        l^x^x.

At x = 0, <f>iL, 0 = 2/(0 and, if l/m4£i <l/w,_i,

/> Í oo /• llmj-i /» Í

| <#)(!, 0 | <«   =   2   E   (am,)1'2 | /,(*) | dX + 2(ámí)1'2 | /<(*) | dx

00

< 2Ct £ (ám,)1/2 = o(0 as t -» 0.
)=»

Since (cot t/2 — 2/t) is a bounded function, the existence of
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/(x) = lim-I    p(L, t) cot — dt   ,

is equivalent to the existence of

limT-f p(L,t)-\
«->0   L TC   J € / J

By (3.11)

r       1    f    ~       dt~\ "2 filmt-i dx
lim-p(L, t) -    = - 23 - O*-,)1'1 /,(*) -
€-.0 L       ir J t / J pi   t •/ i/m; x

and by (3.7) and (3.11) the second sum converges. Therefore the point x=0

is contained in E(L,f). Finally

/' l/m,-i n x

P(l, t)Hmi(mit)dt +  I p(L, t)Hmiimit)dt
l/mi J l/">i-i

>   2(dmi)1'2Emi   -0CyZ   (dmj)112)   * 0(dm$mi).

We now need only construct a function f(x) and an integer m with the

properties (3.4), (3.5), and (3.6). First

77m(/)| =1 f
I •' o

cos utdqmiu) <A,

so that

[log,ma]—1 [log, m]

23        max    | Hm(() | >   23      max    | Hm(t) \ - A( \ log a \ + 1),

and therefore if TJm Î °° as m—><&, we can find an m so that

[logj ma] — X

23        max    | 77m(/) | - 2K > \Tim,
n-0        2"a<â2"+1

where K is the constant of condition (3.3). We call the point on (2n, 2n+1)

where 77m(/) attains its maximum absolute value xmn. Since 77m(/) is continu-

ous there must be an interval Jmn containing xm„ and contained in (2", 2n+1)

such that for x c Jm„

|  lim\Xmn) tlm\X) \   <.   2Il m\Xmn) .

We call the point on (2n, 2n+1) where i7m(/) attains its minimum absolute

value xmn. Then (3.3) implies that
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[log, m]

E      I  HmiXmn) \<K.
n-0

We can find an interval Gmn containing xmn and contained in (2n, 2n+1) such

that for x c Gmn

|  Hm(Xmn)   —   Hm(x) |   <  jHm(Xmn) ■

We may suppose without loss of generality that the lengths of Jmn and Gmn

are equal. We denote by Jmn (Gmn) the image of /mn (Gmn) under the trans-

formation x' = x/m and we call the length of /„, em„. Then/(x) is defined by

8xx sgn Hm(xmn) * .
-»   xc/mn        (» = 0, 1, • • ■ , Llog2waJ — 1),

fmn

8XX Sgn 27m(Xm„) * r ,
—-,   xcGmn        (« = 0, 1, • ■ ■ , [log2w?aJ - 1),

frnn

0,    elsewhere on    ( —• > a ).
\m      /

/(*) =

The function/(x) satisfies (3.4), for

If 1  -
— I      /(*) — Hm(mx)dx
X  «7 l/m X

«¡moj-l  /•    /• 1 /* 1 1

E     { f{x)—Èm(mx)dx + f(x)—Hm{mx)dx\
n-0 Wj¿» X ^Gmn ^ J

J     [log¡ ma]—1

[log2 ma] —1 [loga »»a]—1

> 4    X)      I Hm(xmn) | — 8    £        ma.x    I Bm(mx) I
n-0 n=0 *cGm„

[log, ma]—1 [log2ma]—1 [log,ma]—1

>4       £        |  72m(xm„) I   -   8       £ |  2/m(Xmn) |   -   8       £ £ |  27m(xmn) |
n—0 n=0 n—0

> 227m  —  H m  =   H m-

If 2n/m^t<2n+x/m, O^rag [log2 wa]-1, we have

r'  , î" 2»      8X2-+1
| /(x) | áx ^ 8xX) — <-< 16**.

•2 i/m „=i w m

and (3.5) is satisfied. If 2n/m^e<2n+x/m, (n = 0, 1, • • • , [log2 ma] — l),
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ça ¿x [log,™«]-!/     r.        8lr sgn   Hm(Xmn) Ç 8tT  Sgn   77m(xmn)        )
fix)—-     2^     i -dx-  I      -¿xV

r2n+l/m     dx

+ fix) — g 8tt
J 2"lm X

which proves (3.6) and completes the proof of the theorem.

4. £=V. In this case we again make the restriction that amn—>0 as w—>oo.

This involves no loss of generality for, if Tm(L', x) cL, then we must have

nam„f„—>0 as ra—*», whenever/'(x) is in L'. This can only be the case if

a»™—*0 as ra—» ». We have

where

1   /*T °°

r»(£', /)   =  —   I       ¿(/(x + /) 23 (amn - am,n+i)
T  J-T „_o

sin (ra + |)/
-j

2 sin §/

A sin (ra + §)/
2, (ctmn — am,n+i)-:—:-<= L on (— T, ir).
„_o 2 sin M

Hence, if xcE(L', /),

sin (ra + §)/1   f A :
Tm(L',f) — amlf'(x) = — I    dpo(L',t)2^ (am„ — am,n+x) ■

3T   J 0 n=l 2 sin */

We wish to determine a necessary and sufficient condition for L'-effectiveness

when the conditions

(4.1) \Hmit)\<Bt,

[log,m]

(4.2) £      max    \ Hm(t)\ < M
n=0     2"g/S2"+1

are satisfied. The required condition turns out to be

A sin (ra + \)t
(4.3) 2^, (amn - am,n+i)-;-> 0 as m —» 00  for / > 0.

„=o 2 sin J/

This condition is necessary for, if it is not satisfied, let /0>0 be a point where

sin (ra + |)/o
lim / . (amn — am,n+x)~ > 0.

n-0 2 sin 2tg

Then, if/(x) is defined by

(sgn x,        ¿o ̂  I x| < ir,
/(x) = <

I    0, 0 ^ | x| < /„, x = 7T,

at «=0,0(2/, <) = 2/(i) and/'(0) = 0,
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f  \dd>o(L',T)\ =0, t ^ to,
•7o

so that the point x = 0 is contained in E(L',f). But

sin (n + \)t1     /* T °° !
Tm(L', x) — amif'(x) = — I    dd)0(L', t) £ (am„ — am,n+i)-

X  J 0 n-0

1   » sin (« + £)*„
— — ¿^ \amn — am,n+i)-

2 sin \t

x „-o 2 sin \to

which does not tend to zero as m—>oo so the method cannot be L'-effective.

The condition (4.3) is sufficient, for

1   r " sin (n + \)t
Tm(L', x) — ami/'(x) = — I    dd>0(L', t) ¿^ (amn — am,n+i) ——-—--

x «7 o n-o 2 sin %t

1   fr A sin (n + \)t1   fr A
H-I    dd,0(L', t) ¿^ (a„„ — am,B+i) ■

X   «7 a n-0 2 sin f<

Since sin ((»+è)0/(2 sin (§0) - (sin nt)/t is bounded, if xcE(L'J),

1   f A sin (« + §)«
— I    dd>o(L', t) 2_ (am„ — am,n+i)-;—:-
x .7 o n=o 2 sin \t

1  ra i
= — I    d<bo(L', t) — Hm(mt) + o(l) uniformly in m as a —> 0,

x -7 o /

and, by (4.1) and (4.2),

1      /.l/m J 5w    /.l/m

— I       dd>o(L', t) — HJmt) <- I        | dd>oiL', t) | = o(l) as m -» oo ,
IT  J 0 t IT    J o

1      f 1
— I      a>o(¿', 0 — H mimt)
X  ^ l/m <

([logi ma] /. 2»+l \

Ê      max    | Hmit) | 2--W I        | a>0(2/, i/w) | )
n-0    2»á/S2»+1 J0 /

= o(l) uniformly in m as a —» 0.

Finally, if (4.3) is satisfied, since

sin (« + §)/        /j4- sin jn + \)t        (A\
2_iamn -  Om.n+l) = O I — 1,
»=i 2 sin J/ \ í /

If A sin (« + i)i
— I    dd>oiL', t)2^ («m» — am,n+i)-;—;-= o(l) as m —» oo
x J „ „_n 2 sin M

sin (« + J)<

„_o 2 sin §/

By putting these results together we have the proof of sufficiency.
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5. %=L'. In this case as in the case considered in §4 the condition

amn—>0 as ra—>oo is essential in order that Tm(L', x) c L. Then

sin ra/
If °°

Tm(L', x) = — I    dtf(x + 023 amn sir
IT  J — T n=X

If                  A                            - cos §/ + cos (ra + \)t
= — I    d,f(x + /)2^ («mn — am,n+i)-:-

* J -T n=l 2 sin §/

If        ~       A - cos §/ + cos (ra + \)t
= — I     dp0(L', t) /_, (amn — am,„+i) ■

ir J 0 n-l 2 sin ht

We shall assume that

(5.1)

and

(5.2)

amx - Hm(t) \ < Bt

[logjm]

£      max    | Hm(t) | < M,
n-l     2"S(g2"+1

and we propose to find a necessary and sufficient condition for ¿'-effective-

ness. This condition is

A cos (ra + J)/
(5.3) 2^ (C"nn — am,n+i)-:->0as»->eo,  for / > 0.

n-i sin \t

The condition is necessary for, if it is not satisfied, let i0>0 be a point

such that

lim / . (amn — am,n+i)

cos (ra + |)/0

sin i/o
> 0.

Then we define

1, - ir ^ x si — t0,        to is x S tc;

to < x < t0.
/«-{„; :

For this function at x=0, <po(L', 0 = 2/(0 and

- 1   f / 1 t0
f'(0) = - I    ¿0o(7', /) cot — =-cot —

2w  J o 2 7T 2

Also

Í    | dPo(l', 0 | = 0,  for / < to,
J n
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so that the point x=0 is contained in E(L',f). But

— cos \t + cos (ra + \/)t
TmiL',  X)   =  -   I      dpo(L', t) 23 (Ctmn ~  am.n+i)

TV   J 0 n=l 2 sin §/

i A cos (n + ^to
=  amxf'(0)  H-2v (a">« — «m.n+l) -;-J-

T n=i sin 2/0

which cannot tend to/'(0) as »î—>co and hence the method is not L'-effective.

If (5.3) is satisfied and x c E(L',f),

If      _       °°
-   I      dpo(L', t) 23 (a»»n — «m.n+l)
T  J a n-l

cos (ra + J)/
-► 0 as m —* 00

2 sin \t

lf~ /
-I      dpoiL', t)amx cot->/'(x) as »î —* 00 ,

2ir •/ i/m 2

1   f/m       _       A - cos J/+ cos (ra + §)/
— I        dpo(L', t) /_, (amn — am,n+i)-:-
ir J 0 n=i 2 sin f /

1    Cllm       _       A                            -1 + cosra/ /   r1/m.        _        A
= — dp0(L', /)23 («™ - am,n+i)-+ 0Í I d0o(7', 0 I )

IT  J 0 n=l / \ «^ 0 /

= °(—/       I ̂ o^'- 0 l) + °(1) " ^  as m -* °° '

and

1   /•» »       " cos (ra + §)/
— I      dpo(L', 02v (a»»> — ö-»,n+i) ———-
ir «/ i/m n=i 2 sin 2/

1    /* ° ~        °° cos ra/
=  —    I ¿<¿>0(7/, 023 (amn —  am.n+i)-1" o(l)

V  J 1/m n=l /

([log,mo] p y»+l \

£      max    I Emit) I 2-«w /       I <fy0(¿"', */») I ) + o
„_1    2»g/S2»+1 J0 /

= oil) uniformly in m as a —> oo .

(1)

Therefore conditions (5.1), (5.2), and (5.3) are sufficient for L'-effectiveness.

6. A necessary condition. We shall consider methods of summability for

which

| dqmiu) | —► 0 uniformly in m as A7 —> °o
AT

and
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(6.2) qm(u) —> q(u) as m —» oo, over an everywhere dense set.

The definition of q(u) could be extended to the whole interval (0,'oo) by set-

ting

?(«) = h{qiu + 0) + qiu - 0))

and q(u) would have the property

f"|d?(«)| <A.
J o

Under these assumptions we have

/. 00

22m(0 -* Hit) =   J    sin utdqiu)
Jo

for

| Hmit) - Hit) \i\f   sinutd{qmiu) - ?(«)} I +   f   I <M«) I + f   I <*?(«) I

and, by (6.1),

J. 00 /» 00
| ¿a(«) | +  I    | dqm(u) | —» 0 uniformly in w as TV —> oo ,

AT «JjV

and for N fixed

sin utd{qmiu) — q(u))
I J o

/» AT
| qmiu) - qiu) \du + \ qmiN - 0) - a(7Y - 0) |

0

= o(l) as m —» oo .

Combining these results we see that H„it)—*Hit) as w—>oo.

We propose to show that a necessary condition for Z-effectiveness, if (2.2)

is satisfied, is

00

(6.3) £    max     \B(t)\ < M.
n-0 2"g<â2n+1

If (6.3) is not satisfied then for every M, we can find an N such that

¿ | 22(/„) | > M,
n—0
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where /„ is a point on (2n, 2n+1) where 77(/) attains its maximum absolute

value. We choose m > 2N so that

M
| 77m(/„) - 77(/n) | < — ' 0 ^ n ^ N.

Then

[log,m] N MM

23      max    \Hm(t)\>yZ\Hm(tn)\-> — >
n=0     2"á/£2"+1 n=0 2 2

and hence 77m cannot be bounded. Therefore condition (6.3) is necessary for

7,-effectiveness.

After the same fashion it can be shown that, if (6.1) and (6.2) are satisfied,

/» oo
cos utdq(u) as m —* °° ,

o

and, if (3.1) and (3.3) are satisfied, then a necessary condition for ¿-effective-

ness is

00

(6.4) 23    max     | 77(/) | < » .

7. Methods of the closed cycle. As an application of these results we shall

consider the problem of methods of the closed cycle. For such methods

am„=a(n/m). The function a(x) may be considered to be defined everywhere

on (0, oo). Then (1.9) implies that

/» oo

I    | da(x)| < A ,
do

and we have, at every point of continuity of a(u),

( [um\\
qm(u) = a I-) — a(0) —> a(u) — a(0) as m —> oo .

\ m  /

so

J» 00 /*  00

I dqm(u) | ¿M     | da(u) \ —> 0
N d ff

as N —> oo ,

so that the conditions of §6 are satisfied. Therefore, if (2.2) is satisfied a neces-

sary condition for L-effectiveness is

(7.1) ¿    max     | 77(/) | < °° ,
n-0 2"g/á2"+1
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where

/» 00

sin utda(ti).
n

We propose to show that this condition is also sufficient. Since Hit) is

bounded and, by (2.2), |#(0| <Bt, the function (\/t)Hit)cLt on (0, oo).

Therefore it will have a Fourier transform contained in L2, and since,

if a(x)—>0 asx—>oo,

7*»-/.' cos uta(u)du,

(2/x)1/2a(x) will be this transform. Condition (7.1) implies that (l/t)H(t)cL

and therefore

2   f 1
a(x) = — I    cos xt — Hit)dt.

x J0 t

By the Fubini theorem, if 2J(—t) = ffit), the function

1   rx 1
— I    fix + t) — H(mt)dt
T  J -x t

will be integrable on (—ir, x), since (7.1) implies that (1/02?(0 c Z on (0, oo ).

Let us now consider its Fourier series. We have

If If 1
— I     erinx — I     /(x + 0 — Himt)dtdx
2-K J -r X  •2_30 t

1   f 1 if
= — I    —Himt)—\    fix + t)e-inxdxdt

x •2_0O / 2t J -t

1   /*°° 1
= — I    — H(mt)fneintdt = /„a( | » |/m).

X   «7-00  <

Therefore

1 /» OO 1 00

— I    /(x + 0 — 2í(w0¿/ ~ Z) ö ( I w I A») {Uinx + /ne-inx},
X   >7_oo ¿ n-oo

or

1   f 1 If" 1
Tm(L, x) = — I     /(x + t)—H(mt)dt = — |    <£(L, /) — H(mt)dt.

x«7_ ¿ ir J o tt it J o

Now, if x c E(L,f) and (2.2), (7.1) are satisfied,
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1  rllm 1
H(mt)dt    < -

ir  <J o

If/«              1                        Bm f «,
— I        p(L, t) — H(mt)dt   <- I        | p(L, t)\dt = o(l) as m -> oo ,
T   J 0 t IT    J o

and

Finally

I f 1 I     I f  /      ¿ \ 1 I
p(L,t) — H(mt)dt   = ,/,(/,,_)_ fir (¿)¿/

I ̂  <■ / I \J ma     \ m/    t |

oo p 2n+l |       j i \\

^    22 max     |77(/)|2-"| \P[L, — )\dt
n=[logtmo] 2"á/g2"+1 J0 \       \ m) \

= 0(       23 max     | 77(0 | ) = o(l) as w-» oo .
\n-ilog,ma]  2"S/¿2"+1 /

/l IIP/ /\   1«(7, /) — 77(»»/)¿/   = <> ( L, — ) — 77(t)dt
l/m t I I J i \ WÍ/    /

[log2ma] /» î»+l  I        / t\\

^23      max    |ff(0|2-|        \p[L,—)\dt
n=0     2»S<á2n+1 -»o I       \ mj\

= ol  23    max     I #(0 I   ) = °(1) uniformly in m as a —» 0.
\ n_0 2né/á2»+1 /

From this it follows that (7.1) is necessary and sufficient for ¿-effectiveness,

if (2.2) is satisfied. This result was conjectured by Paley in an unpublished

paper but was not proved.

Similarly, if

/■ 00

cos utda(u)
0

it can be shown that

Tm(L, x)=— f p(L, /) — (- 1 + H(
IT   J 0 /

mt))dt,

and, if (3.1) and (3.3) are satisfied, a necessary and sufficient condition for

¿-effectiveness is

oo

'(7.2) 23    max     | Hit) | < oo .
„_0 2nS<S2»+1

8. Discussion. From the preceding work there would seem to be apparent

differences between F-effectiveness, ¿-effectiveness, and L '-effectiveness and

also between ^'-effectiveness, ¿-effectiveness, and ¿'-effectiveness. Examples
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have been given (see Paley, Randels, and Rosskopf [4] and Randels [5, Parts

I and II]) showing that these differences are essential. It would be of interest

to find relations between effectiveness for Fourier series and for conjugate

series. One trivial result in this direction is possible, for we have seen that

the ¿-effectiveness problem is not changed if am=lim„^o0om„?iO while our dis-

cussion of Z-effectiveness is only valid if om=0. It is clear then that it is pos-

sible to construct methods of summability which are L-effective but not

Z-effective. It would be of much more interest to find out if this is still pos-

sible when Om=0.

It is natural to ask whether it would be possible to dispense with the con-

ditions (2.2) and (3.1) and still get necessary and sufficient conditions. It

appears to be quite definite that this method cannot accomplish this.
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