ON THE SUMMABILITY OF FOURIER SERIES}

BY
W. C. RANDELS

1. Notation. We shall use the following notation which is similar to that
of Hille and Tamarkin} [2]. We shall use f(x) to denote a function periodic
of period 27 and integrable over (—m, 7). The Fourier series of f(x) is

0

Z fneini ,

N=—0o0

where

fa= %j:f(x)e“"dx.

The class of such functions and their related Fourier series is denoted by L.
We define

(1.1) 7(x)=lei_1310|:— zirﬁ'{f(x+t)—f(x_;)} cot%dt]

and associate with it the series

— 1) sgn nf,eir=,
We call the class of such series and their related functions L. If f(x) c B.V.

on (—m, m), we denote by L’ the class of functions f’(x) and their related
series,§

o0

l L
— | dif(x+8) + i) nfaein=

21!' - n=—0c0

and by L' the class of functions

19 @ =tim[ - = [Tl 40+ - ) - 24} ot~ |

and their related series

t Presented to the Society, January 2, 1936; received by the editors March 7, 1936.

1 The numbers in brackets refer to the references at the end of the paper.

§ The Stieltjes integral used in this paper is the Young-Stieltjes integral over the open interval
so that /”_df(x+¢) need not be zero. This usage differs from that of Hille and Tamarkin [2].
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o
2 | ] faei=.

N=—c0

We shall use the symbol T for any one of these four classes. A function
of class T will be denoted by F(x) and the general term of the associated

series by A.(x).
We define

(1.4) $(L, &) = flx+ 1) — flx — 8),
(1.5) oo(L, t) = j; o(L, 7)dr,

. Lt = s 7)d7,
(1.6) ooyt = [ o,
1.7n do(L',t) = f(x +t) — f(x — t) — 2tf'(x),
(1.8) oo(L’, ) = ¢(L, 2).

We let E(F, f) (E(F, f)) be the set of points x where f (%) (?(x)) has a definite
value and ¢ (L, £)—0 as t—0 (¢(L, £)—0 as t—0). If $o(T,¢) € B.V.on (—=, ),
we define E(T, f) as the set of points where F(x) has a definite value andt

ft| déo(T, 7)| = o(t) as t— 0.
0

We now consider the transformation of a series defined by means of a
matrix dms (m, n=0,1, - - - ) in the following manner

Tw(S, x) ~ i: Aminda(x).

n=—c0

We make the restriction on a.. that it define a regular method of summabil-
ity, that is:

(1.9) ZI Cmn — a,,.,,.+1| < A, A notdepending on m,
n=0

(1.10) @mn— 1 as m — o | for every =;

and that the series

(1.11) i @min14n(%)

N=—0o0

t By /:Id¢(t)| we mean the total variation of ¢(¢) on the interval (g, b).
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be a Fourier series (cf. Hille and Tamarkin [3]). Then T»(Z, x) is considered
as a function of class L associated with (1.11). Thus T.(Z, ) may be defined
~even though (1.11) does not converge. We denote the method of summability
determined by the matrix an., by ¥.
If Er stands for a set of points at which F(x) has a definite value, we can
make the following definitions:

DEFINITION 1. A method of summation U is said to be (T, Er)-effective if,
whenever F(x) €T and x € Ep,

(1.12) Tu(ZT, x) — F(x) >0 as m — o,

DEFINITION 2. A method N which is (T, Er)-effective is said to be:
(i)  F-effective, if T=L, Er =E(F, f),

(i) F-effective, if €=L, Er =E(F, ),

(i) L-effective, if T=L, Er =E(L, f),

(iv) L-effective, if T=L, Er =E(L, f),

(v) L’-effective, if T=L', Er=E(L', f),

(vi) L'-effective, if T=L', Er=E(L’, f).

2. T=L. By a theorem of Fekete [1] the most general factor sequence
{a.} carrying a Fourier series into a Fourier series occurs when

-]

a
> —sinnxcB.V. on (-, ),
n=1 7

and

3 an{faeie 4 fn e-ine) N%f_:f(x + t)d{ > 2 in m} .

n=1 n=1

Then, if we let lim, .o @mn=am,

1 r i m had mn — Om
Tw(L, 2) = amifo + —f Sz + t)d{ > & sinnt + ?——a-sin nt} .
™ -

n=1 N n=1 n
But
T —
) 0<x<1r,
2
*. sin nx —x—
Z = y —r<x<0,
n=1 n 2

so that
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% f_ :f(x-l-t)d{ > 2 sin nt} = onf(%) — anfo.

n==1

Therefore for our problem we need only consider

1 r Z Gmn — Cm
(@mo — @m)fo + —'f flx+ t)d{ > ——sin nt} .
' TV_x Nl n
Hence it involves no loss of generality to suppose that ¢,.,—0 as n—x, and
we shall do so from now on.
Using Abel’s method of partial summation we get

i Gmn COS NX = i Gmn{Sn(%) — Sn_1(x)}

n=1 n=1

- a,,,lSo(x) =+ i {amn - am,n+l}sn(x)v

n=1

where

Su®) = b+ 3 cos vy = S F D

o= 2sin }x

Hence, by (1.9),

. Cmn
E sin nx
naml n

is absolutely continuous on every interval not containing the origin. More-
over, again by Abel’s transformation,

>

n=1

Cmn hd 1
——sin 22 = 3 (Gmn — Gmar1)| O — sin vz
n

n=1 =1 V
and, since the partial sums

LN |

> —sinvx

y=1 V

are bounded, the function

. Cmn
Z sin nx
Na=] n

is continuous at the origin and so, since it is of bounded variation by hy-
pothesis, it must be absolutely continuous on the interval (—m, 7). Hence
we can write
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1 T 1 o . »
Ta(L,3) = andfo+— [ Sa+1) {—“7 + X (0n = Gmat) —5“‘2(::;)‘} at
LN i Gmo  Gm1 > sin (n + 3)¢
= :L‘f(x + t){T - T + 2 (Gmn = Gm,nt1) Tn%t——}dt
_1r = sin (n + )¢
= :j:'f(x + t){ E (dmn - am,»+1) m}\dt,
and
. 1 L L. .
TM(L’ x) - amof(x) = :j; ¢(L’ t){ Eo (amn - am.n+l) S_—_—lnz(s':l;l_%f)t} dt

By the Riemann-Lebesgue theorem

T sin(n+$)t sinnt _
j;cb(L,t){ 2on ks - }dt—o(l) as #— ©

so that, by the regularity of ¥,

sin n¢

l L 4 0

Tull, )~ 1) == [ "o, t){ 3 tn = G }dt +o(1) asm—co.
™ 0 n=(

For convenience we define

1 7 1
T, = ___f oL, t)—t— > (Gmn — Gmns1) Sin nt dt.
*Jo

n=0
We also define
q-u(“) = E (amr - am.v+1)o

0SS r<mu
Then (1.9) can be written
(2.1) f | dgm(n) | < 4.
]

Then

1 T 1

Twm=— f o(L,t) — H,.(mit)dt,

w 0 t

where

H,(t) = f°° sin utdgm(u).
0
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In this notation the familiar necessary and sufficient condition for F-effec-
tiveness is that there exist an M such that

J.
We wish to find a condition which will play a similar role for L-effectiveness.
We introduce

1

[logs m]
Hn= >, max |Ha.@)].

n=0 2*Sts2nHL

We shall consider only methods of summation for which there exists a con-
stant B such that

(2.2) | Ha(f) | < Bt.

This condition is always satisfied for methods defined by trapezoidal matrices
since for such methods there is an N such that gm(%) = am for « >N, and hence

| Ha(®) | =

f sin utdgm(u) | = Itf [— @mo + q(u)] cosutdu| < AN:.
0 0

We now propose to show that if (2.2) is satisfied
(2.3) T = o(Hn) + 0o(1)

and furthermore that this result is the best possible in the sense that, if
H.=max,z,H,—» as m— o, then for every sequence {d.} such that d..}0
as m— oo it is possible to find a function f(x) and a point x € E(L, f) such that

(2.4) Tom % O(dmHn).

This implies that a necessary and sufficient condition for L-effectiveness of
methods of summability satisfying (2.2) is the existence of an M such that
(2.5) H,< M.

In order to prove (2.3) we notice that by the Riemann-Lebesgue theorem
for every a

" sin nt
f o(L, 1) » dt =0o(1) as n— o,

so that by the regularity of %

T 1
(2.6) f o(L, I)T H,(mt)dt = o(1) as m — o,

Moreover, if x c E(L, f),
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|j;a¢(L, t)%H,,.(mt)dtl

a

1/m 1 1
=< l f o(L, t) " H..(mt)dtl + I o(L, t) " H,,.(mt)dtl
0

1/m

2.7

1/m ma 1
< Bm f | 6(L, #) | dt + (L, t/m)TH,,,(t)dt‘

1

[logsma]

on+l
=o(1) + 0( > max. |Ha.(t)|2" f | 6(L, t/m)|dt)
n=o 2"sis2nH1 1

»

= 0o(1) + o(H,) uniformly in m as ¢ — 0.

Then (2.3) follows from (2.6) and (2.7) by a familiar technique.

In order to show that this result is the best possible it is sufficient to prove
that for every fixed a it is possible to find a function f(x) and an integer m
such that

1 e 1
(2.8) — f® n H,(mt)dt > Hp,
T 1/m

and there is a constant K independent of a such that

t
(2.9) f | 75| dt < K¢, t < a.

1/m
For, if d.]0 is given, then making use of the Riemann-Lebesgue theorem
and the regularity of % we construct by induction a sequence of integers
{m;} and functions f;(x) such that m,=1, and

(2.10) 2 (dm)? < o,
fo=l
1 [Umizt 1
(2.11) — f fi) —Ha(md)dt|< 1, j<i,
TV ym; t
1 pum- 1 -
(2.12) — fi®) — Hp(mt)dt > Hn,,
T Jym; t
and
1 [t 1
(2.13) — | 7:8)| dt < K8, ¢t =<
TV 1m; mi—1

We define
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1

[ 1
(@n)' 21| 2] ), ;élxl<

i mi_1

1 0, =zxz=0, 1| x| <.
Then at x=0, ¢(L, £)=2f(¢) and, by (2.13), if 1/m;<t<1/m;_,,

f(x) =

0 m"_l

[lownla=23 @y [ ol a+ 2@y [ 1704

0 jeitl 1/m; 1/mi
< 2Kt2 (dm)V'? = 0(t) as t— 0,

so that the point x=0 is in E(L, f). Moreover

o= = [ "60,) - Humiri

1/mg l 1/me~1
= — f (L, t) Hp(mit)dt + — oL, 1) — H,,.,(m.t)dt

w 1/mg
+ #(L,t)— Hm.(m.t)dt
T Y mi—y
By (2.2)
1 1/mg
— f oL, t) — H,.,(m.z)dtl <—-— f |¢(L t)| dt = o(1)
T Jo
and by (2.11)
1 4 -1 2 dm~ 1/2 1/mj-1
— o(L,t) — Hm‘(mtt)dt E ( ’) f fi®) — Hm(m't)dt
T Vmi_y j=1 w 1/mj
= 0( > (d,.,.)m) = 0(1).
=1

Finally by (2.12)

1 1/mi—1 1
— o(L, 9 " H, (mg)dt

L 1/mg

Z(dm‘)llz f 1/ ms—1
1

1
3O} 7 H, (mi)dt > z(dm.')l/z F"‘n
™

/m

so that

Tom; > 2(dm)V2Hm, — 0(1) — O(1) -5 O(dmiHm,).




32 W. C. RANDELS [January

It only remains now to prove the existence of an f(x) and an m with the
properties (2.8), (2.9). We notice that

|H,,.(t)| = f sin ut dgm() | < f |dq,,.(u)| <A,
0 []
so that for a fixed e <1
[logyma]—1
max |H,,,(t)| > Z max | Ha®)| — A(|log a| + 1).
n=0 2”§352 n=0 2"Sts

Then since H,T © as m— oo, we can find an m so that H.=H, and m also

may be chosen so that
[loggma]l—1

max  |Hn(t)|> $Han.
n=0 2n§,§2n+l

We call the point on (27, 27+!) where H.(f) has maximum absolute value %mn.
The function H,(¢) is continuous and hence there will be an interval Jon.
containing xm., and contained in (2*, 2*+!) such that for x € Jun

(2.14) |Hn(mn) — Hu(2) | < 3| Hu(2ma) |-

Then J, is defined as the interval into which J,, is carried by the trans-
formation x'=x/m. It is clear that J,, is contained in (2%/m, 2"*'/m). We
denote the length of J. ol bY €mn. We define

4 H o (%mn
™o g0 Hulom) ot 0 << logma—1,
€mn
f(x) = )
0, elsewhere on (—» a).
m
The function f(x) satisfies (2.9), for, if 2*/m <t <2"*'/m (0 <n <log, ma—1),
¢ ontl/m ntl Qv 4q(27+ — 1
f |f(x)ldx§f If(x)ldxs41rZ— —”(———)<8wt.
1m 1/m y=1 m
By (2.14)
1 1 [loz,ma] 1
= [ s — Hamarax = f f(x) — Ho(ma)d
T Y im ™ y=0
1 [logzmal—1 4 H n
_ LR Ar sen HGaw) (1 i
™ =0 €mn J:nn
[log, ma]—1 4 [logsma]l—1

> 2 E | Hm(xmn)l > .ﬁmy

n=0

so that (2.8) is satisfied and our proof is completed.

> E — €mn
n=0 €mn
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3. T=1L. Fekete [1] has shown that a necessary and sufficient condition
that a factor sequence a, carry a series of L into a Fourier series is that

-]

a
> —cosnteB.V. on (— =, 7);
n=1 N

and
0 . . 1 f -] a”
= T anlfuene = frme) ~ = [ e 3] 5 2 cos mf.
nm=1 ™ - n=1 N
Therefore
1 L 4 0 Amn
Tw(L, x) = —f f(z+ t)d{ > — cos nt} .
™ —x \ n=l N

We make the hypothesis that a.,—0 as #— o . This condition is essential here
because

1
> —cosnt¢B.V. on (— m, 7)

n=1 n

and therefore the argument of §2 does not apply. Then

E Amn sin nt = Z a,,,,{g,.(t) - §n_1(t)} = i (amn - am.n+l)§n(t)v

na=l na=l p—
where
s - 1 t  cos (n+ 3)t
Sa(t) = siny = — — cot — 4+ —mM8M8M8—-
@ .-21 2 2 2 sin 3¢

Hence, by (1.9).

-]

gt) = > Zmn cos nt
n=1 N
is absolutely continuous on every interval not containing the origin and,
since g(—0)=g(40), g(t) can be considered as continuous at the origin so
that, since by hypothesis g(£) is of bounded variation, it must be absolutely
continuous on (—, 7). Then

— cos 2t 4+ cos (n + 3)¢ i

2 sin 1t

~ 1 " =
T,,.(L, x) = —‘;‘f f(x + t)z (amn - am.n+l)

1 r L. > — cos it + cos (n + 1)t
= :f d)(L, t)z (a,,,,, —_ Gm',,+1) % ( f) dt.
0 n=1

2 sin 3¢
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By the Riemann-Lebesgue theorem

LA ¢ 17
f oL, t){cos (7f + 8 cosn}dt - o(1) 85 5> <o,
0 2 sin 1t t

so that by the regularity of %

= Gm1
2

~ 1 LI ¢ 1 .
Tw(L, ) = :f o(L, t){ cot 5 + 7‘,Hm(mt)} dt + o(1) asm —
0

where
Ha() = j; °ocos ut dgm(u).
By the definition of f(x) and the regularity of %
- .Z_’:L;d;(f,, t) cot %dt—-)f(x) as m— o,

if x c E(L, f), and also,

1/m

~ 1 t 1
¢(L,t){7 cot; — —t—-}dt =o0(1) as m— o,

0

so that

1/m 1

Tn(@, %) — amf(x) = —i— o(L, ?) n {— am + Hu(mt)}dt

1 LI 1.
+ — o(L, t) " H,(mt)dt + o(1) as m — o,

T vim
We make a hypothesis analogous to (2.2), namely,
(3.1) | Am1 — ﬁm(t)l < Bt.
Then, if x ¢ E(Z, f),

1 1/m 1 ~
_f ¢(L’ t)_ {_ am-l-H».(mt)}dtl
T Jo ¢

Bm 1/m -
< — |¢(L,t)|dt=o(l) as m— o,
T Jo

We shall prove that, if x ¢ E(L, f),

(3.2) Fo= L [T 6, 0 L Hatmi)it = o) + o),

T 1/m t
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where

- [logsm]
Han= Y, max |Ha.@)].
=0 2ns‘§2n+l

If ¢ is fixed, by the Riemann-Lebesgue theorem and the regularity of %,

1 LI 1 .
—f (L, ) " H,(mt)dt = o(1) as m — o,
w Y

and

i ’ o(L, t) — Hn(mt)dt = — f ( ) ! Ha(t)dt

1/m
~
m

2n+1

=o(“°f)m] max | Ha(t)| 2" j;

n=0 Z”SISZ"'H'

= o(H ) uniformly in m as a — 0,

so that (3.2) must be satisfied.

We would like to prove that this result is the best possible. The method
of §2 however does not seem to be capable of doing this without some addi-
tional assumption. We choose to assume that

1, .
(3.3) f 7[ Ha(mt)| dt < K.
1/m
This condition is not completely arbitrary for it is analogous to the neces-
sary and sufficient condition for F-effectiveness mentioned in §2. It is known
to be sufficient for F-effectiveness but has not been proved to be necessary.
It will be seen from the proof that some slightly less restrictive condition
such as
[logsm]
min | Ha()| < kHm, k<1,
nm0 2"Sts2%H1
could be used. _ ~ -
We define H,,=max,<.H, and we wish to show that, if H. T © asm— o,
and {d.} is any sequence such that d.}0 as m— o, we can find a function
f(x) and a point x € E(L, f) for which

T 5% O(dn Hum) .

As in §2 it is sufficient to show that for ¢ fixed it is possible to find a func-
tion f(x) and an integer m for which
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1 e 1

(3.4) = f(#) = Bnmz)dz > Ha,
T YJiym X
t
(3.5) f |f(x) | dx < Ct, C not depending on a or m,
1/m
and
* f(x) .
(3.6) —dx| <D, D not depending on a or ¢.
e X

For, following the procedure of §2, we construct a sequence of functions f;(x)
and integers m; such that my=1 and

-]

(3.7) 2 (dm)V? < oo,
=1
1/mj-1 1 -
(3.8) —f fi(2) — Hn,(mix)dx| <1, j<iq,
™ v 1mj x
1 [Um 1. -
3.9 — fi(x) — Hp,(mix)dx >Ham,,
™ 1/mg x
¢ 1 1
(3.10) f | fix)|dz < Ct, —=<t= )
mg m; mi-1
and
1/mi-1 f, 1 1
(3.11) f f(x)dx’<D, —fes—
€ X m; mi—1
Then f(x) is defined by
1 1 1 1
(dm)V2 sgn 2fi(| #]), —— <2< -——) —Sx<—
f(x) _ miy m; m; mi—1
(i=1,2,--+)
0, —xs<z=<-1, =0, 1=zxz=m.

At =0, ¢(L, £)=2f(¢) and, if 1/m;<t<1/m;_s,

[letnla=25 @y f

J=itl

1/mj—1 ¢
| ldmt 2@ [ |5a) |

/mj 1/mg

< 2Ct Y (dm)V? = o(t) as t— 0.
=1

Since (cot £/2—2/t) is a bounded function, the existence of
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~ . 1 T ¢
f(x) = lim [— —f ¢(L, t) cot — dt],
«—0 2= € 2

is equivalent to the existence of

[ L[]
By (3.11)

by - %f"«z, S R / T g

j=1 T /mj

and by (3.7) and (3.11) the second sum converges. Therefore the point x=0
is contained in E(L, f). Finally

1/mi—1 x
T = f ¢, O)Hn (mit)dt + (L, ) Hm (mid)dt
1

Img 1mi;_y
> 2dm ) H s — 0( > (dm,-)m) o O(dmiTE ).
=1

We now need only construct a function f(x) and an integer m with the
properties (3.4), (3.5), and (3.6). First

| I?,,.(t)l = 'f cos utdgm(u) | < A4,
0
so that
[loggma]—1 [log; m] -
max |Ha@t)| > X max | Ha.()] — A(|log a| + 1),
n=0 2"5152" n=0 2"< ‘§2n+l

and therefore if & w1 © as m— o, we can find an m so that.

[logs ma]—1
>,  max | Ha@)| — 2K > 38,
n=0 g gt
where K is the constant of condition (3.3). We call the pomt on (2n, 2n+1)
where H.(¢) attains its maximum absolute value %ms. Since H.(¢) is continu-
ous there must be an interval J ., containing *., and contained in (2=, 2n+1)
such that forxc J,.,

I I}m(xmn) - gm(x) l < %ﬁm(xm,.).

We call the point on (2%, 2*+!) where H.(f) attains its minimum absolute
value &m.. Then (3.3) implies that
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[logy m]

| Bn(Zms) | < K.

n=0

We can find an interval G, containing %, and contained in (2, 27+!) such
that for x cGn,

I ﬁ"‘(x"m) - EM(x) I < %ﬁm(xmn)-
We may suppose without loss of generahty that the lengths of Jma and Gma

are equal. We denote by J, (Gmn) the i image of Jma (Gmn) under the trans-
formation #’=x/m and we call the length of Jon, €mn. Then f(x) is defined by

( 8mx sgn Hu(%mn)
)

xcr, (n=0,1,---, [logzma] — 1),

€mn

87 sgn Hpm(%mn)
T8 ( ), 2CcGhn (n=0,1,---, [loggma] — 1),

flx) =1 —

€mn

1
0, elsewhere on (—, a).
m

The function f(x) satisfies (3.4), for

%fl:mf(x) %ﬁm(mx)dx

1 [logsma]-1

=— { f(x) — E,,.(mx)dx + f(x) — H,,.(mx)dx}
J,m

w Nu=0 Gmn
[logs ma]—1 - [logy ma]—1 -
>4 Y | Bua(zam)| —8 X max | Ha(mz)|
n=0 nw=0 *Clmn
[logy mal—1 [log; ma [log; ma]—1
>4 > | Bu(tm)| — 8 Z | Hu@m)| — 8 X 3| Hu(xmn) |
n=0 n=0 n=0

> 2H, — Hn = Ha.

If 27/m<t<2"+1/m, 0<n < [logs ma]—1, we have

nt+1 27 8 2n+l
f | f(x)]| dx < 82 — < T < 167,
1/m

=1 M m

and (3.5) is satisfied. If 2*/m<e<2**'/m, (n=0, 1, - - -, [loge ma]—1),
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[log,ma] 1 87 sgn ﬁm Xmn 8w sgn Em Lmn
ot g i [ i
r=n+1 Jmn @G

™ €mn 'mn €mn
on+l Im d x
+ f(®) — = 8r
2%/m x
which proves (3.6) and completes the proof of the theorem.

4. T=L'. In this case we again make the restriction that ¢,.,—0 as n—oo.
This involves no loss of generality for, if T,(L’, x) € L, then we must have
Namnfa—0 as n—oo, whenever f'(x) is in L’. This can only be the case if
amn—0 as n—x. We have

Tl f) = _f dif(x + t)z (@mn — Gm,ny1) &(”l—l;i;l
where
i (@mn — a,,.,,.“)MCL on (—m, x).

! 2 sin 4t
Hence, if xc E(L’, f),
sin (= + 3)¢

1 L4 ©
Tall, 1) = amf/ @) = = [ d6oL, )3 (@ma = )
T Jy n=l 2 sin 3¢
We wish to determine a necessary and sufficient condition for L’-effectiveness
when the conditions

(4.1) | Ha(?) | < Bt,
[logy m]

4.2) > max |H,,,(t)| <M

n=0 2ns‘§2n+1
are satisfied. The required condition turns out to be

i sin (n + 3)¢
(4°3) Z (amn_am,n+l);.l)—)0 as m— o for t > 0.
=0 2 sin %

This condition is necessary for, if it is not satisfied, let £,>0 be a point where

E (@mn — am,10+l)Si_nﬁn.—-i-i)t“2 > 0.

2 sin 14

m—> 0

Then, if f(x) is defined by

_ fsgn =, to§|x|<1r,
f(x)_{ 0, 0<|z|<te, a=m,

at x=0, ¢(L’, £)=2/(t) and f'(0) =0,
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t
f | dpo(L’, 1) | =0, ¢t
[]
so that the point x=0 is contained in E(L’, f). But

1 - = i " 3)t
Tt ) = omif ) = [ 005 (o i) T2

12 sin (n + )
=— (Gmn— am,n+l)—,_'1'_
T pm0 2 sin 3ty

which does not tend to zero as m— o so the method cannot be L’-effective.
The condition (4.3) is sufficient, for

1 a © : + 1 ¢
Tw(L', x) — amlfl(x) =— deo(L’, t)E (@mn — @m,ni1) &("__f)
T Jo n=0 2 sin 3¢
1 L © : + ¢
+— deo(L’, 1)2 (@mn — Gm,ny1) M
wYa na=0 2 sin %t
Since sin ((n+3%)¢)/(2 sin (3¢))— (sin n£) /¢ is bounded, if x € E(L’, f),

L[ 200,05 (0 = i) ot VY
T 0

na=0 2 Sin %t

1 e 1
= —f doo(L’, t) " H,.(mt) + o(1) uniformly in m as ¢ — 0,
T Jo

and, by (4.1) and (4.2),
1 1/m 1 Bm 1/m

— [ asow, 0~ B <= [ dau(l, )] = o(1) a5 m— o,
T Jy 4 T Jy

1 e 1
— dpo(L’, t) — H m(mt)

T Jiym 14

[log; ma] ontl
—o( X max |m0lzm [ e, om))
0

n=0 2*Sts2"t
= 0(1) uniformly in m as ¢ — 0.
Finally, if (4.3) is satisfied, since

& sin (n + 3)¢ (A )
mn = Gm,n ——=0|— N
,.2-31 (e Om.nt1) 2sin 3¢ ¢
1 L4 © : ¢
—_ d¢o(L', t)Z (amn - am.n-l-l) M = 0(1) as m — oo,
wYva n=0 2 sin %t

By putting these results together we have the proof of sufficiency.
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5. $=1L’'. In this case as in the case considered in §4 the condition
ama—0 as n— o is essential in order that T,,(L’, x) € L. Then

_ 1 4 0
Tn@, z) = 7f dif(x + t)z Gy Sin 7t
- na=]

1" - s
=— f df(x + 9D (Gmn — Gmont1) cos +.cos (n+ 3¢
T Vrx ne=l 2 sin %t
1 e o |
=— f dpo(L’, ) 22 (Gmn — Gm,nt1) cos } _|_.mf v+ D)
e = 2 sin ¢
We shall assume that
(5.1) I Am1 — ﬁm(t)l < Bt
and
[logym]
(5.2) 3 e | B | < i,

nm1 2°StS2VF

and we propose to find a necessary and sufficient condition for I '-effective-
ness. This condition is

hd cos (n ¢
(5.3) E(a,,.,,—a,,.,,ﬂ.l)—-(—.-i-—%lﬁo as m— o, for ¢t > 0.
n=1 sin 3¢

The condition is necessary for, if it is not satisfied, let #0>0 be a point
such that

cos (n + 1)

Tm Z (@mn — Gm ,.+1)————-— > 0.
mow | gy sin 44,
Then we define
1 —r=<zx= —1 o= x=m
1 = {, wo hErET
0, — < x <.

For this function at x=0, ¢o(L’, £) =2f(¢) and

- -1 * 4 1 to
f ) = —f do(I’, t) cot — = — — cot —-
2r Jy 2 T 2

Also

t
f | dpo@’, 2)| = 0, for ¢ < t,,
0
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so that the point =0 is contained in E(L’, f). But
— cos 3t + cos (n + )¢

Tm(i x) = _f d¢0(L, i)Z (@mn = @m,n41)

t 2 sin ¢
- cos (n + %)t
= amlf/(o) + — E (@mn = @m,nt1) RV
 — sin 3o

which cannot tend to 7/(0) as m— o and hence the method is not L’-effective.
If (5.3) is satisfied and x € E(L', f),

1~ ~ < cos (n 4+ )¢
- dgo(L’, t)z (@mn — @m,nt1) ——(‘_——2) —0asm— o,
rJa n=l 2 sin 3¢

1 r t ~
- — doo(L’, 8)am cot — — F'(x) as m — o,
27 yym 2

1m 5 ® — cos 3t 4+ cos(n + 3)¢
—f d¢o(L’, t)z (amn - am,n+l) : . ( %)
it 2 sin 3¢

Um & — 14 cosnt 1/m ~
-— f oL, ) (Gmn — Gmns) —— T 0( [ aso@, |)
na=l 0

¢

= o(m-;j; | doo(L’, 1) I) + o(1) = 0o(1) as m — o,

and
1 cos (n + 1)t
- d¢0(L, t)E (@mn — Gm,ni1) _L—l_)
1/m 2 sin §t
1 t
= d¢0(L t)z (@mn — Qm,nt1) bl + o(1)
1/m
[logsma] ol -
>  max | Ha®) | 2"‘mf | dpo(L’, t/m) |) + o(1)
n=1 2"S$S27" 0

= o(1) uniformly in m as ¢ — o .

Therefore conditions (5.1), (5.2), and (5.3) are sufficient for I'-effectiveness.

6. A necessary condition. We shall consider methods of summability for
which

6.1) f | dgm(%) | = O uniformly in m as N — o
N

and
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6.2) gm(u#) — g(u) as m — oo, over an everywhere dense set.

The definition of ¢(%) could be extended to the whole interval (0,%«) by set-
ting
g(w) = 3{g(u +0) + g(u — 0)}

and ¢(«) would have the property
1 dgw)| < a.
0
Under these assumptions we have

H,() — H() = fwsin ut dg(u)

0

for

N o ©
|20~ 80| =| [ “sinwa{aat) = s} |+ [ a1+ [ Tar|
and, by (6.1),

fwl dg(u) | + fﬁol dgm(#) | = 0 uniformly in m as N — o,
N N

and for N fixed

j; Nsin utd{q,,,(u) - q(u)}

N
étfo | gm(a) — g(u) | de + | gn(¥ — 0) — gV = 0)]
=o0(1) as m— .

Combining these results we see that H,.({)—H (t) as m— .
We propose to show that a necessary condition for L-effectiveness, if (2.2)
is satisfied, is

(6.3) f: max |H@)| < M.

n=0 s ‘§2n+l

If (6.3) is not satisfied then for every M, we can find an N such that

N
S| HE| > M,
n==0
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where #, is a point on (27, 2*+!) where H(f) attains its maximum absolute
value. We choose m >2¥ so that

M
| Hu(tn) — H(t) | <ﬁ’ 0<n=N.

Then

[logym]

L M M
H,(t Hu(t)| ——>—
2 e JE0]> B H0 [ =5 > 5
and hence H,, cannot be bounded. Therefore condition (6.3) is necessary for
L-effectiveness.

After the same fashion it can be shown that, if (6.1) and (6.2) are satisfied,

Hn() > HQ@) = f cos utdq(u) as m — o,
0

and, if (3.1) and (3.3) are satisfied, then a necessary condition for Z-eﬁective-
ness is

(6.4) f; max |H@)| < .

n=0 2"sts2"F1

7. Methods of the closed cycle. As an application of these results we shall
consider the problem of methods of the closed cycle. For such methods
amn=a(n/m). The function a(x) may be considered to be defined everywhere
on (0, ©). Then (1.9) implies that

fwl da(x)l <A,

and we have, at every point of continuity of a(x),

gm(u) = a([ﬁﬂ> — a(0) — a(u) — a(0) as m — .
m
SO

f qufn(“)léf |da(u)|—>0 as N — o,
N N

so that the conditions of §6 are satisfied. Therefore, if (2.2) is satisfied a neces-
sary condition for L-effectiveness is

(7.1) f_: ‘max | H()| <,

n=0 2"sts2"1
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where

H(@) = f”sin utda(u).

We propose to show that this condition is also sufficient. Since H(f) is
bounded and, by (2.2), | H(¢)| <Bt, the function (1/f)H(f) € L, on (0, «).
Therefore it will have a Fourier transform contained in L,, and since,
if a(x)—0 as x— o0,

1 ©0
TH(t) =f cos uta(u)du,
0

(2/m)Y%a(x) will be this transform. Condition (7.1) implies that (1/£)H(t) c L
and therefore

2 - 1
a(x) = —f cos xt — H(t)dt.
T Jy t

By the Fubini theorem, if H(—¢)=H(¢), the function
1 re 1
- f flx+¢) - H(mt)dt
*J_o

will be integrable on (—, ), since (7.1) implies that (1/¢)H(¢) € L on (0, «).
Let us now consider its Fourier series. We have

1 x 1 o 1
- e—inz f flx+2) 7 H(mt)dtdx
TV

2rJ _.

1 pr=1 1 -
= -—f — H(mt) —-f f(x + t)eirzdxdt
T —o0 4 21 -

1 r=1
= _f — H(mi)fye™'dt = fua( | n|/m).
™ —o0
Therefore

1 © 1 ©
— | flx+8)—Hmdt~ 3 a(|n]|/m){faci*s + fae—in=},
T J_» i

Na=—0o0

or

Tw(L, x) = ijwf(x + 1) —1—H(mt)dt = ij”wc)s(L, t) % H(mt)dt.

Now, if x € E(L, f) and (2.2), (7.1) are satisfied,
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1 pum 1 Bm (m
——f ¢(L,t)TH(mt)dt]<—f |¢(L,t)|dt=o(1) as m— o,
0 m 0

T
and
°° 1 © t\ 1
f (L, t)—H(mt)au[ - I f ¢(L, ——)—H(t)dz.'
a 1/ ma m/ &
L 2n+1 t
< max | H()| 2 f ¢(L, —)’dt
n=[logyma] gt 0 m
=O< > max |H(t)|)=o(1) as m—
ne=[loggma] 2"S#s27H1
Finally

| l:m¢(L, 9 %H(mt)dt I -

ma t\ 1
f ¢<L, ——)— H(t)dt‘
1 m/ ¢
[logs ma] il ¢
> max |H(t) |2"‘f ¢(L, -—-)Idt
0 m

=0 2»§‘§2n+1
= o( > max I H() | ) = 0(1) uniformly in m as a — 0.

=0 2n§‘§2n+1

IIA

From this it follows that (7.1) is necessary and sufficient for L-effectiveness,
if (2.2) is satisfied. This result was conjectured by Paley in an unpublished
paper but was not proved.

Similarly, if

HQ@) = f cos utda(u)
[]
it can be shown that
~ 1 © 1
T, x) = — f o@,1) - (— 1 4 H(mi))ds,
T Jo

and, if (3.1) and (3.3) are satisfied, a necessary and sufficient condition for
L-effectiveness is

“(7.2) i max Iﬁ(t)| < o,

P zn§‘52n+l

8. Discussion. From the preceding work there would seem to be apparent
differences between F-effectiveness, L-effectiveness, and L’-effectiveness and
also between F-effectiveness, L-effectiveness, and L’-effectiveness. Examples
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have been given (see Paley, Randels, and Rosskopf [4] and Randels [5, Parts
I and IT]) showing that these differences are essential. It would be of interest
to find relations between effectiveness for Fourier series and for conjugate
series. One trivial result in this direction is possible, for we have seen that
the L-effectiveness problem is not changed if ¢,=1im, .m0 while our dis-
cussion of L-effectiveness is only valid if a,=0. It is clear then that it is pos-
sible to construct methods of summability which are L-effective but not
L-effective. It would be of much more interest to find out if this is still pos-
sible when ¢,,=0.

It is natural to ask whether it would be possible to dispense with the con-
ditions (2.2) and (3.1) and still get necessary and sufficient conditions. It
appears to be quite definite that this method cannot accomplish this.
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